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Abstract 



In certain neighborhood U of an arbitrary point of a symplectic manifold M we construct 
■ a Fedosov-type star-product *l such that for an arbitrary leaf p of a given polarization 

V C TM the algebra C°°(pnC/)[[/i]] has a natural structure of left module over the deformed 
algebra (C°°(U)[[h}],*i). With certain additional assumptions on M, *l becomes a so- 
called star-product with separation of variables. 
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1 Introduction 

(N 



In [T] B.V. Fedosov gave a simple construction of deformation quantization of an arbitrary sym- 
plectic manifold (see also [2]). Later J.Donin [3] and D.Farkas [4J show the algebraic nature of 
Fedosov construction. The problem of constructing modules over Fedosov deformation quantiza- 
tion which generalize the states of usual quantum mechanics is of great interest. To this end, a 
notion of adapted star-products was recently introduced [5]. 

X , 

Definition. A star-product * on M is called adapted to a lagrangian (or, more generally, 
coisotropic) submanifold p C M if the vanishing ideal of p in the commutative algebra C°°(M)[[/i]] 
is a left ideal in the deformed algebra A = (C°°(M)[[h]], *). Then obviously C°°(p) [[h]) has a 
structure of left ^.-module. 

Using the algebraic framework of |3j H], in the present letter we construct a Fedosov-type 
star-product * L adapted to all the leaves of given polarization L of a symplectic manifold M. If 
M is a so-called bi-Lagrangian manifold, * l becomes a star-product with separation of variables 
in the sense of Karabegov. 

Like most of the papers on this subject, we are working in a certain coordinate neighborhood 
where dim M-dimensional basis of vector fields exists. However, only intrinsic geometric struc- 
tures affect the results, so we can try to glue star-products in different neighborhoods together 
using the methods of algebraic geometry. This will be a matter of further publications. See 
also [31 E] for the global construction of Fedosov star-product algebras. 
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Plan of the present paper is the following. In Sec. 2 we consider the Koszul complex for Weyl 
algebra, in Sec. 3 we define various ideals associated with L, in Sec. 4 we define Fedosov complex 
and prove the main result. 

This article is dedicated to the memory of L.L.Vaksman with whom its preliminary versions 
were discussed. 

2 Koszul complex and Weyl algebra 

Let M be a symplectic manifold, dimM = 2u, U a certain coordinate neighborhood in M, 
A = C°°(U,C) a C-algebra of smooth functions on U with pointwise multiplication, and E = 
C°°(U, T C M) a set of all smooth complexified vector fields on U with the natural structure of an 
unitary A-module. By T(E) and S(E) denote the tensor and symmetric algebra of A-module E 
respectively, and let AE* be an algebra of smooth differential forms on U. Let u G A 2 E* be a 
symplectic form on M and let u : E — > A 1 ^* be the mapping u(x)y = u(x, y), x,y G E. All the 
tensor products in the present paper will be taken over A. Let 

a = xi <g) . . . ® x m <g) y x A . . . A y n G T m {E) <g> A n E*. 

Define the Koszul differential of bidegree (—1, 1) on T'(E) <g> A'E* as 

6a = Xi Cg . . . (g) X{ ® . . . ® x m ® u{xi) A y\ . . . A y n . 

i 

Let A be an independent variable (physically A = and A[X] = A (g>c C[A] etc. In the sequel 
we will write A, E etc. instead of A[X], A[[X]\, E[X], E[[X]\ etc. Let Tw be a two-sided ideal in 
T(E) generated by relations x <g> y — y <8> x — Xou(x, y) =0. The factor-algebra W(E) = T(E) /2w 
is called the Weyl algebra of E and let o be the multiplication in W(E). 

A //-dimensional real distribution T> C TM is called a polarization if it is (a) lagrangian, i.e. 
cu(x,y) = for all x,y G V and (b) involutive, i.e. [x,y] G V for all x,y G V, where [., .] is the 
commutator of vector fields on M. It is well known [7] that always we can choose a lagrangian 
distribution V transversal to D and let L and L' be A-modules of smooth complexified vector 
fields on U tangent to T> and T>' respectively, then E — L ffi V ' . Let a, a%, ... = 1, . . . , v and 
(3, Pi, ... — u + 1, ... , 2za Choose an A-basis {ej| i — 1, . . . , 2z/} in E such that {e a \ a — 1, . . . , v} 
and {ep\ (3 = v + 1, . . . ,2z/} are the bases in L and L' respectively; it is always possible in a 
certain coordinate neighborhood of an arbitrary point of M. Let i\, . . . , i p = 1, . . . , 2v and let 
/ = (?!,..., i p ) be an arbitrary sequence of indices. We write &j — e ix ® . . . Cg) e ip and we say 
that the sequence I is nonincreasing if %\ > i 2 > . . . > « p . We consider {0} as a nonincreasing 
sequence and e^} = 1. We say that a sequence / is of a-length n if it contains n elements less or 
equal v. Let T n be a set of all nonincreasing sequences of a-length n and T n = {J^ =n T p . Then 
a variant of Poincare-Birkhoff-Witt theorem holds [HJ [9] . 

Theorem (Poincare-Birkhoff-Witt). Let S(E) be an A-submodule ofT(E) generated by elements 
{e/| J G T }. Then 

(a) The restrictions (ig\S(E) and nw\S{E) of the canonical homomorphisms fi$ '■ T(E) — > 
^(i?) and /ivK : ^(-E 1 ) ~~ are A-module isomorphisms. 

(b) {fj,s{ e i) \ I G T } anc? {/ivi/( e /)| ^ G T } are A-bases of S(E) and W(E) respectively. 

(c) T(E) = S(E)®l w . 

Proposition 1. The choice of bases in L and L' does not affect the resulting isomorphism 
W(E) ^ S(E). 
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Proof. Let {e- = A\ej} be a new basis in E such that A@ = Ap = and let S'(E) be a 
submodule in T(E) generated by {e'j\ I G T }. Since both L and L' are lagrangian, we see that 
for any element a' G S'(E) an element a G S'(-E') there exists such that fiw( a ) = /i«f(a') and 
^s(a) = /is(a'). Due to Theorem 1(c) such an element is unique and the map a' i— ► a is an 
isomorphism. □ 

Let t m (m = 1, 2) be a natural embedding of mth direct summand in the rhs of Theorem 1 (c) 
into T(E), so p,s t w\S(E) = ^s,w L i- Then from Theorem 1 (c) it follows that a short exact 
sequence of A- modules 

*I W ^T{E)-^W{E) -0 

splits, then we have another short exact sequence of A-modules 

>-X w AE*^^T(E) ® AE*^tw(E) ® AE* -0 (1) 

and i x id is a natural embedding of S(E) AE* into T(E) AE*. 

It is easily seen that 6 preserves T w ® AE*, so it induces a well-defined differential on W(E) ® 
AE* due to ([!]). It is well known that u is an isomorphism due to nondegeneracy of uj. So we 
can define the so-called contracting homotopy of bidegree (1,-1) on S'(E) ® A'E* which to an 
element 

a = xi . . . x m ® yi A . . . A y n G S m (E) A n E*, 
where is the multiplication in S(E), assigns the element 

S^a = yV-l^ir 1 ^) x x . . . x m ® A . . . A & A . . . A y n 

m + n L — ' 

i 

at m + n > and 5~ 1 a = at m = n = 0. 

Let a = X] a mn, where a mn G S m (E) A n £"* and r : a i — aoo is the projection onto 

m,n>0 

a component of bidegree (0,0). Carry 5 onto S(E) A-E* using the canonical homomorphism 
fis id. Then it is well known that the following equality 

55- 1 + 5^5 + r = Id (2) 

holds. Carry the grading of S(E) onto W(E) using the isomorphism S(E) = W(E), then 
W X (E) = E and we will identify them. It is easily seen that 5 preserves S(E) AE*, so each 
arrow of the following commutative diagram of ^-modules commutes with 6. 




S(E) AE* W(E)®AE*. 



Then 5 commutes with A-module isomorphism ^w^ii^s^i)' 1 id. Carry the contracting homo- 
topy <5 -1 and the projection r from S(E) AE* onto W(E) AE* via this isomorphism, then 
the equality (j2D remains true. Let 5W = (W(E) A n E*, 5), then from (j2D it follows that 

#°(<W) = A, H n {8W) = 0, 71 > 0. (3) 
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3 The ideals 



Let X A be an ideal in AE* those elemens annihilate the polarization L, i.e. X A = X^°=i-^a> wnere 

X™ = {a G A n E*\ ot(x x , . . . ,x n ) = Vxi, ...,x n e L}. 

It is well known that locally X A is generated by v independent 1-forms which are the basis of 1\. 
On the other hand, L is lagrangian, so from the dimensional reasons we obtain u(L) — so 

X A = (u(L)). (4) 

Let X L be a left ideal in W(E) generated by elements of L and X = 1 L <g> AE* + W(J5) (g> X A 
a left ideal in (g> AE*. Then from flU it follows that 

8(1) C X. (5) 

Let N = N U {0}. A semigroup (S, V) is called filtered if a decreasing filtration Si, i G N 
on S there exists such that S = S and Si V 5j C S i+ j Let I, J G T , / = (zj., . . . ,i m ), 

J = (ji, . . . ,j n ) and let J V J be the set . . . , i m ,ji, . . . ,j n } arranged in the descent order. 
Then (T , V) becomes a semigroup filtered by Tj. 

Lemma 1. Letlf^ 1 be an ideal in S(E) generated by elements of L, then fiwt<i 

Proof. Since L is lagrangian, we have e ai o e Q2 = e a2 o e ai Vai,«2, thus for any / G T we 
have n(ei) o e a = /i(e/ V { a }) and I V {a} G Ti. Then from Theorem 1 (b) it follows 2l C 
span^{/xiy(e/)| / G Ti}. On the other hand, if / = (ii,...,i p ) G Ti then 1 < i p < n, so 
Hwi e i) ^ Then span A {/i W (e/)| J G Ti} C X L and we obtain X L = fj,w L i{Si(E)), where 
S'i(-E') = span A {e/| I G Tj}, « G N is a decreasing filtration on S(E). Analogously I L = 
A i s ,i i(5'i(-S)), which proves the lemma. □ 

From (jl]) it is easily seen that 5" 1 preserves the submodule x[ 5) ® AE* + 5(E) ® X A of 
S(E) ® A-B 1 *, then using Lemma [1] we obtain 

r 1 (x)cx. (6) 

Remark. The choice of S'(-E) in Theorem 1 is crucial for our construction of contracting ho- 
motopy of SW. The usual choice of submodule S'(E) of symmetric tensors in T(E) instead of 
S(E) yields another contracting homotopy of 5W* which does not preserve X. 

Let V be an exterior derivative on AE* which to an element a G A n ~ l E* assigns the element 



(Va)(xi, . . . ,x n ) = ^2 



, Xj , . . . x Ti 



l<i<j<n ^ 

+ ^ ( 1) Xi<y,(x\, . . . , Xi, . . . , x n ) . 



Ki<n 



Let V x y G E, x, y G E be a connection on M, then we can extend V x to T(E) by the Leibniz 
rule. It is well known that we can always choose V in such a way that V x uj = Vx G E. It is well 
known that such a connection preserve X^ for all x G E, so it induces a well-defined derivation 
on W(E). Now consider V as a map W(E) -> ® A 1 ^* such that (Va)(x) = V x a. Then 

it is well known that V may be extended to a C[[A]]-linear derivation of bidegree (0, 1) of the 
whole algebra W'(E) ® A'E* whose restriction to AE* coincides with (J7J) 
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Lemma 2. Let a G W(E) <g> A n E* and a(xi, . . . , x n ) G V for all x%, . . . ,x n G L, where V is a 
submodule of W(E). Then aeV <g> AE* + W{E) <g> X A . 

Proof. Let {e*|i = l,...,2z/} be a basis of E* dual to {e^}, i.e. e l (ej) = 5*. Then from the 
well-known theorem of basic algebra it follows that an arbitrary a G W(E) <8> A n E* may be 
represented in the form a = ® e n A . . . A e in , where a^...^ G for all ij, . . . , i n . 

ii <...<»„ 

It is easily seen that {e^l /3 = v + 1, . . . , 2z/} generate X A , so 



®e ai A... Ae a "+lf(E)® 2* 



«i<...<a„ 

On the other hand, a Ql ... an = a(e ai , . . . , e an ) G V due to the lemma's conditions. So a G 
U ® A£* + 1U(£) ® J A . □ 

We say that a polarization (or, more generally, distribution) T> is self-parallel wrt V iff 

V x yEL, x,yeL. (8) 

For a given T>, a torsion-free connection which obeys (jSJ) always exists ([10], Theorem 5.1.12). 
Proceeding along the same lines as in the proof of [TT], Lemma 5.6, we obtain another torsion-free 
connection V on M such that V ' x u = Wx G E and V is self-parallel wrt V. Suppose V is a 
connection (not necessarily torsion-free) such that V x u = Vx G E and X> is self-parallel wrt 
V. Then V x Il C II Vi 6 L, so using Lemma [2] we obtain VX^ C X. On the other hand, the 
involutivity of L together with (JTj) yield VX A C X A (Frobenius theorem), so we finally obtain 

VX C X. (9) 

Let 1Z G E (g> E 1 * ® A 2 E* be the curvature tensor of V, i.e. 

7£(x, y)z = V x V y z - V y V x z - V[ x>y ]Z, x,y,z G 

Then using (jSJ) and the involutivity of L we obtain TZ(x,y)z G L Vx,y, z G L. Then Lemma [2] 
yields 1Z(x,y) G X Vx,?/ G L. On the other hand, TZ(x,y) G H^ 1 (£') ® A 1 E*, so an element 
i? G 1U 2 (£) ® A 2 E* there exists such that R{x,y) = 5~ l {TZ(x,y)) \fx,y G E. Using (jSJ) we see 
that R(x, y) G X^ \/x, y G L and using Lemma [2] we obtain 

i?GX. (10) 

Let R l jki — e l (JZ(ek,ei)ej) be the components of curvature tensor. Denote R v kl = u^ p R % pkl , 
where u>^ is the matrix inverse to io{e^ ej). Then it is easily seen that the difference between our 
R and the one introduced in [TJ [2] belongs to the center of W(E) ® AE*, so we obtain 

V 2 a = h[R, a] Va G ® AE* , 

A 

where [[■,■] is the commutator in W(E) ® Ai?*. 

Let T G W x (£) ® A 2 £*, T(x, y) = V x y - V y x - [x, y] be the torsion of V. Using (|BJ) and the 
involutivity of V we see that T(x, y) G L Vx, y <E L, then using Lemma [2] we obtain 

TGX. (11) 

Suppose p is a leaf of the distribution V such that p D U ^ 0, $ = {/ G A| /|p = 0} is 
the vanishing ideal of p in A, X$ is an ideal in W(E) ® Ai?* generated by elements of $, and 
Xfi n = X + X$ is a homogeneous ideal in W(E) ® AE 1 *. Then due to (JSJ),® we can define the 
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subcomplex SX' n = (X fin ,<5) with the same contracting homotopy 5 1 . Note that r(X fin ) = $, 
then using ([2]) we obtain 

H°(8T &n ) = d>, H n (5X' Q ) = 0,n>0 (12) 

It is easily seen that vector fields of L preserve $, i.e. (Vf)(x) G $ V/ 6 6 I. Then 
from Lemma [2] we obtain V$ 6 1$+!^, so we finally obtain 

VJ* C J fin . (13) 



4 Fedosov complex and star-product 

Let W^(E) be the grading in W(E) which coincides with W l (E) except for the A G W^(E), and 
let W(i){E) be a decreasing filtration generated by W^'{E). Suppose W(E), X are completions of 
W(E), X with respect to this filtration, then X is a left ideal in W(E)®AE*. Let Aj, i G No be an 
(A)-adic filtration in A, then t{W^){E)) C A^/ 2 }. Then W^^-E 1 ) C r _1 (A, ; ), so r is continuous in 
the topologies generated by W(j)(i£) and and thus can be extended to a mapping W(E) — ► A. 
Since 5, <5 _1 and V have fixed bidegrees with respect to bigrading W®(E) <8> A n E*, we can extend 
them to derivations of W(.E') ® AE* in such a way that Eq. (j2j) remains true and they preserve 
J. So we will write A, W(E) etc. instead of A, W(E) etc. 
Let 

r = r x r, r n+1 = cT 1 (r + Vr„ + jr 2 n J , n G N 

Then it is well known that the sequence {r n } has a limit r G W(2)(J5) (g> A 1 E*. Then we can 
define well-known Fedosov complex DW* = (W(E) <g> A n E*, D) with the differential ([HE], see 
also [31 [12] for the case of nonzero torsion) 

jD = -<5 + V + i[[r, •]. 

Let F be an Abelian group which is complete with respect to its decreasing filtration F^ % G N , 
UFi = F, HFi = 0. Let dega = max{z : a G FA- for a G F. 

Lemma 3 ([3J). Let : F —> F be a set-theoretic map such that deg(y?(a) — (p(b)) > deg(a — b) 
for all a,b G F . Then the map Id + (p is invertible. 

Let Q : W(E) ® AE* -> W(£7) ® A£*, Q = Id + 5~ l (D - 5) be a C[[A]]-linear map, then it 
is well known that = Q-D and from Lemma [3] it follows that Q is invertible, so it is a chain 
equivalence and we obtain 

H n (Q) : tf n (W) = C[ [A]] H n (6W), n G N 

Using fl6l).fl9l).frT0l). (rTT|) and taking into account that J is a left ideal in W(E) <g> AE* we have 
r n G X for all n, so r G X. Using (!5!).(!6l).(!9|). (|T3l we see that £>X fin C X fin and QX fin C X fin , so we 
can define the subcomplex DX' n = (Xa n , D) and using Lemma [3] we obtain 

H n (Q) : iPpX'J S CBA]] JTWL), n G N . 

Then due to (I3~]). (fl2]) we have the following diagram 

A = H°(5W)-^H°(DW) (14) 



U 



u 



® = H\8Xl n )^H\DXl 



ftn) 
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Then we can define the Fedosov-type star-product A x A 3 (/, g) \— > / *i g G A on U carrying 
the multiplication from H°(DW) onto H°(5W): 

f*L9 = Q(Q- 1 foQ- 1 g). (15) 

Then from ffT4l) we see that $ is a left ideal in Al(U) = (A, *l) since H°(Dl* n ) is a left ideal in 
H°(DW). Since the choice of p does not affects *l, we have proved the following result. 

Proposition 2. Let M be a symplectic manifold and let D C TM be a real polarization on 
M. Then in a certain coordinate neighborhood of an arbitrary point of M we can construct a 
star-product adapted to all the leaves of T> which depends on the intrinsic geometric structures 
on M only. 

This extends the results of Reshtikhin and Yakimov [13], Xu [IT] , and Donin [13] who con- 
structed commutative subalgebras of Fedosov deformation quantization algebra associated to a 
Lagrangian fiber bundle, lagrangian submanifold and polarization respectively. 

Corollary 1. A/<& = C°°(p fl U) has a natural structure of left Ai{U)-module. 



This extends the results of Bordemann, Neumaier and Waldmann [15] who constructed the 
modules over Fedosov deformation quantization of cotangent bundles. 

Suppose T>' is a polarization, then M is a bi-Lagrangian manifold [7J (called the Fedosov 
manifold of Wick type in [16]) and we can choose a connection on M such that V z x G L and 
V z y G L', x G L, y G L', z G E. It is well known that for any two transversal involutive 
distributions T>,T>' we can choose a coordinate system {x{\ in a certain neighborhood U of any 
point of M such that {d/dx a \ a = 1, . . . , is} and {d/dxp \ (3 = v + 1, . . . , 2u} are local bases in 
L and V respectively ([I?]. Ch.l, Problem 30; see also [18] ; Sec. 4. 9 for the case when T>, V are 
polarizations). Let p' be a leaf of V such that p' nU ^ and $' = {/ G A| = 0}. Then 
analogously to Proposition 2 we see that $' is a right ideal in Al(U). Write the star-product ( fT5l) 
as a bidifferential operator on U: t 



Since $ is a left ideal in ^4i,(Z7), we see that A <1 - ir ^ 1 - /3s G $ and analogously A ai - ar ^- 3 " G $' 
since $' is a right ideal. But p, p' are arbitrary, so *l is a star-product with separation of variables 
in the sense of Karabegov [19] (called a star-product of Wick type in [20J ) : 



/*^ = E E Aft 



..0r\ca... a . ^ 



dx^ 1 . . . dx@ T dx ai . . . dx° s 

r,s 01--0T 
ot\...at 8 



This extends the results of Bordemann and Waldman [20] who constructed a Fedosov star-product 
of Wick type on arbitrary Kahler manifold. 
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